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ABSTRACT
A numerical simulation is presented for the generation and movement of petroleum in a single layer
of source rock, a process also know as primary migration. The equations governing the system are
derived from principles of mass and volume conservation and are then non-dimensionalized. The
result of this formulation of the problem is an equation similar in form to a diffusion equation that
describes the volume and flow of oil in the system. The linear form of this equation is solved using
a Crank-Nicholson finite differencing scheme, and the form of the numerical solution is compared
to a steady-state solution. The effects of two non-dimensional parameters are investigated. Based
on these investigations, the compressibility of the fluid and the rate at which oil is generated appear
to have significant roles in this model of primary migration.
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Introduction
Petroleum reservoirs form when hydrocarbon-rich fluids escape their source rock and flow
along permeable rock units to a reservoir area, or "trap." This movement, or "migration," from
source to trap occurs in two stages: flow from a low permeability source rock to a high
permeability carrier bed (primary migration), and buoyant flow along the carrier bed to the trap
(secondary migration). An understanding of the mechanisms of secondary migration is necessary
for developing commercial petroleum reservoirs. Consequently, the processes of secondary
migration are reasonably well understood. In contrast, the processes of primary migration are not
well understood, even though this understanding would lead to fundamental insights into how
petroleum reservoirs form.
The method used in this project to study primary migration is numerical modeling.
Numerical models have been used to describe different aspects of primary migration, such as
movement related to regional groundwater flow (Toth, 1988; Bredehoeft et al., 1994) or three-
phase fluid flow (oil, gas, and water) on a basinal scale (Yu and Lerche, 1995). Other methods of
studying primary migration include approaches using sedimentology, petrophysics, and organic
geochemistry (Mann, 1994). Each method addresses different aspects of migration, but data from
interrelated processes of other methods can be integrated into a numerical model. These processes
can be represented as a set of equations, allowing quantitative data from the system to be
examined.
In this paper, qualitative aspects and problems of primary petroleum migration are
summarized as background material for the numerical analysis. In order to describe the system
quantitatively, a set of equations describing primary migration of a single fluid phase is derived
from principles of mass conservation and fluid flow. The fluid dynamics of this model is similar to
the coupled flow and reaction model of Aharonov et al. (1997); these similarities will be addressed
in the development of the equations. From these equations, a finite difference numerical scheme is
used to create a simple model of the generation and flow of oil out of a source rock layer. The
results of the numerical scheme are compared to an analytic steady-state solution to assess the
performance of the model. This analysis also examines how the non-dimensional parameters
developed in the equations control the behavior of the system.
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Background
Permeability of the source rock
One of the major problems faced in understanding the mechanism of primary migration is
explaining how petroleum escapes from a source rock that has lost most of its permeability. One
proposed mechanism states that pore water and petroleum are expelled from a source rock
simultaneously. However, petroleum expulsion cannot occur at the same time as pore water
expulsion, which usually occurs at burial depths of 1500 meters, because this depth is too shallow
for the formation of petroleum (Dickey, 1975; Selley, 1998). A different proposed mechanism,
that of clay dehydration at depth, addresses the problem of petroleum expulsion from low
permeability source rocks (Powers, 1967; Burst, 1969). Montmorillonite clay, which holds water
in its structure at depths of two to three kilometers, collapses and changes to illite when burial
temperatures reach 100o- 110' C (Figure 1). This temperature falls well within the "oil window,"
the range of temperatures from 600 -120 0 C at which source rocks are believed to be the most
productive. During the montmorillonite-illite transformation, water in the clay structure would be
released along with hydrocarbons that are attached to the structure (Barker, 1975). However, this
mechanism does not explain the many documented instances of primary migration where the
source rocks do not contain montmorillonite clays.
Overpressuring is another mechanism that can maintain permeability in a source rock. If a
source rock is overlain by an impermeable layer, buoyant fluids are not able to escape. This
situation leads to overpressuring, in which fluid in the source rock partially supports the weight of
the rock column, thus inhibiting the formation of a rigid framework in the rock and allowing
movement of fluids (Mann, 1994; Selley, 1998). Overpressure can also lead to microfracturing of
the source rock structure. Microfractures greatly increase the permeability of the source rock and
close when fluid escapes and pore pressure drops.
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Composition of hydrocarbons
The composition of the kerogen and its products influence the rate of primary migration. As
they escape the source rock, hydrocarbons are believed to take on one or more forms. Four
theories are classified by the form the hydrocarbons take during primary migration:
protopetroleum, petroleum in aqueous solution, gas diffused through water, or petroleum as a pure
phase.
The first theory, as proposed by Hunt (1968), states that hydrocarbons can migrate in the
form of ketones, acids, and esters, collectively known as protopetroleum. Because protopetroleum
is soluble in water, it would be expelled at the same time water is expelled from the source rock.
However, a problem with this theory is that protopetroleum has only been observed in small
amounts in source rocks. Another problem is that once the protopetroleum is in the carrier bed,
there is no known mechanism for it to come out of solution and mature into immiscible crude oil
(Selley, 1998).
The second theory of migration, pertaining to petroleum carried in aqueous solution, is
separated into two mechanisms: "hot oil" and micellar solution. For the "hot oil" mechanism,
hydrocarbons are expelled in aqueous solution at temperatures close to 1500 C. This mechanism is
most viable for alkanes, which have low carbon numbers (C1-C5) and solubilities of several
hundred to several thousand milligrams per liter (Figure 2; McAuliffe, 1979). However, only
about 25% of typical crude oil is composed of alkanes, which are moderately soluble, and a similar
percent is composed of cycloalkanes, which are insoluble (Selley, 1998). Thus solution in water
does not explain migration for most of the hydrocarbons found in reservoirs.
Petroleum can also be dissolved in the presence of micelles, which are colloidal organic
molecules that have hydrophobic and hydrophylic ends. Micelles act to increase petroleum
solubility by acting as a link between the water and the oil. One problem with this mechanism is
that a high ratio of micelles to hydrocarbons is needed for the mechanism, but micelles are usually
found only in trace amounts (Selley, 1998). Another problem is that micelles would be unlikely to
flow at depth because they are larger than the pores in strongly pressured clay source rocks.
The third theory of hydrocarbon migration proposes that hydrocarbons diffuse through
water-saturated pore space, a mechanism that is viable for gas but not for petroleum. Leythauser et
al. (1982) found that 109 kg of methane could escape by diffusion from a 1000 km2 by 200 m
volume of rock in 540,000 years, sufficiently fast to account for commercially viable gas fields.
This diffusion rate estimate is conservative because the rate is controlled by concentration
gradients. The calculations did not account for the rate of hydrocarbon generation, which would
increase the concentrations at the source, thereby increasing the migration rate. Despite the
conservative estimate, diffusion through water would still be too slow for petroleum because the
coefficient of diffusion for hydrocarbons increases exponentially with a linear increase in carbon
number, and petroleum compounds have much higher carbon numbers than gas (Leythauser et al.,
1982).
Immiscible displacement of petroleum is the mechanism of the fourth theory for primary
migration. This mechanism primarily covers two possible types of flow of petroleum: as discrete
globules from a water-wet rock or in continuous flow from an oil-wet rock. In water-wet rocks,
water coats the sides of the pores, reducing the effective pore diameter for immiscible liquids. If
the source rock is lean (low in hydrocarbons), it may contain petroleum only in the form of oil
globules, which cannot squeeze through pores because the effective pore size is too small. Pore
diameters in shales at 2 km of depth are estimated to be 50 -100 A, whereas individual oil
molecules range in size from 10-100 A (Tissot and Welte, 1978). Therefore it would be unlikely
that a discrete globule of oil would have a smaller diameter than a water-wet pore.
In rocks that are oil-wet instead of water-wet, the effective pore size increases for
petroleum. Instead of escaping as discrete globules, oil can escape in a continuous flow. This
mechanism is the "greasy wick" theory, so named because the flow of hydrocarbons is like the
continuous flow of wax through a candlewick (Selley, 1998). In rich water-wet source rocks,
continuous flow is possible, but only when oil saturation is 20-30% of the total pore volume. In
contrast, rich oil-wet source rocks can have continuous flow at much smaller oil saturation levels,
usually under 10% (Dickey, 1975).
Numerical simulation
The many aspects of primary migration, including the effects of source rock permeability
and hydrocarbon composition, can be studied using numerical models. Models can be designed for
a wide range of scales, the largest extreme being a basinal scale and the smallest being the scale of
a single rock layer. A model can encompass many or all of the processes in the system, or
approximations can be made so the model focuses on only one or two aspects of migration. For
example, Bredehoeft et al. (1994) studied overpressuring in the Uinta basin using a numerical
model of fluid flow, proposing that actual permeability values were lower than in observed data
and contributed to the overpressuring. In order to focus on the overpressuring, a major assumption
was made that only one fluid phase was present in the basin, and that it had the same physical
properties as water. In contrast, the numerical model of Yu and Lerche (1995) focuses on three-
phase flow (oil, gas, and water) on a basinal scale and is less concerned with the formation of
overpressure. In this paper, some aspects of primary migration, such as multi-phase flow and
complex products of kerogen conversion, will be neglected in order to focus on other aspects,
including single phase fluid flow and the influence of the rate oil generation on flow.
Primary Migration Model
This model will describe the generation and migration of petroleum from a single layer of
source rock. Although the compositions of source rock and kerogen are complex, for this model
each is assumed to be homogeneous. The system in its initial state contains only these two
materials, with the kerogen filling all available pore space in the source rock matrix (Figure 3a). As
the source rock is buried, the increasing temperature causes the kerogen to be converted to other
types of hydrocarbons. For this model, the only two products of the conversion will be a solid
byproduct and oil. The solid byproduct will be assumed to have the physical properties of coal,
and will referred to as coal for this analysis.
As the kerogen is converted, the resulting coal and oil completely fill the available pore
space. Thus, volume conservation is the system is represented by
k (t) + c (t) + (t) = Os (1)
where Os is the porosity of the source rock, which initially is completely filled with kerogen, and
has a constant value because the rock matrix is assumed to be incompressible. The subscripts k and
c will be used to represent the kerogen and coal components of the system, whereas quantities
related to oil will have no subscript. Therefore, the volume fractions of kerogen, coal, and oil are
represented as Ok, c, and 0, and are functions of time. Energy conservation will not be used as a
governing equation for the system because this model ignores the heat of reaction for the
conversion of kerogen to oil.
Conservation of mass for the system depends on the fraction of kerogen that is turned to
oil, the rate at which the kerogen changes, and the mobility of all three substances in the system.
Because coal and oil represent the entire mass of kerogen that has been converted, a relation based
on the fraction of oil converted from kerogen, defined as f will be used. This relation depends on
a number of factors, including the amount, type, and maturity of the kerogen (Goff, 1983). The
mass fraction is used as a necessarily simplistic representation of the aforementioned factors.
Using the mass fraction, a mass mk of kerogen reacts to produce a mass of oil fmk and a mass of
coal (1-f).mk. A mass transfer rate will be used to quantify the change from kerogen to oil and will
be defined as the function ITr,t). As a convention, the mass transfer rate will be positive for coal
and oil and negative for kerogen. Finally, the kerogen and coal will be assumed to be immobile
within the rock matrix, whereas the oil has freedom of movement. Thus, the set of mass
conservation equations is
d (Pkk) = -F (2)
d-(pcOC) = (1- f)F (3)
(pO) + V - (pOv) = f - (4)
where p is the density of the substance (kg-m-3 ) and v is the fluid velocity of oil (m's- 2). These
equations are similar to the mass conservation equations of the coupled flow and reaction model
(Aharonov et al., 1997). The major difference in this model is the use of only three components,
none of which can be dissolved in the others, whereas the coupled flow and reaction model can be
used to represent multi-component systems either as solids or dissolved in a single fluid phase.
By integrating equations (2) and (3) over time, it is possible to get expressions for the
amount of coal and kerogen in the system at a given time t. These equations are given as
k (r,t)Ok (r,t) = pOs - G(r,t) (5)
Pc (r, t)c(r,t) = (1- f)G(r, t) (6)
where
t
G(r,t) = F(r,t)dt = p° S -Pk k (7)
0
The function G is the mass of kerogen that has been converted to oil at given time t and has a
maximum value of pkos, which is the initial mass of kerogen (kg-m-3). A solution for the third
equation, the conservation of oil mass, requires development of the relationships among the
densities and compressibilities of all three components.
Equations of state
Changes in the density of the components due to changes in fluid pressure can be related to
their compressibilities. For this model, the density and the pressure have a linear relationship, and
the density at any time is based on the density of the material at hydrostatic pressure. The
expressions for the densities of the three components are
S= Pk( + fkP) (8)
Pc = pO (1+ fp) (9)
p = pO (1+ fp) (10)
In these equations, p is the excess pressure (N-m-2 ) over the background pressure, and the
pressure coefficients are the compressibilities (ft), which have units of Pa- 1. In addition to the
density changes caused by pressure changes, the densities of the components change during the
conversion of kerogen to oil. Specifically, this conversion of kerogen to oil involves an
approximate volume increase of 20% (Ozkaya, 1988; Goff, 1983). Thus, it will prove useful to
define density reduction factors Ec and e to relate the densities of oil, coal, and kerogen at
hydrostatic pressures:
Ec, e>0
p0 = (1- ec)pO (11)
p0 = (1- e)pO (12)
By substituting the density reduction equation into the compressibility-pressure equation, a
relationship between the density of oil and the original density of kerogen is obtained, giving
p = p (1- E)(1 + p) (13)
The relationship between the density of coal and the original density of kerogen is simplified by
making two approximations: E, << land tc = fk. By making these approximations, the coal is
treated as having physical properties similar to those of kerogen.
Relative volume and excess pressure
Using the relationship between the densities of coal and kerogen, it is possible to find the
volumes for both of these components in terms of the converted mass of kerogen G and in terms of
the original density of that kerogen. To this end, the relative volume of converted kerogen is
defined, based on the mass of converted kerogen G:
(14)
The volume fractions of kerogen and coal in the system can then be found based on the original
density of kerogen pO, the relative volume of kerogen 0, and the compressibilities and density
reduction factors. The equations for the two volume fractions are approximated using a Taylor
expansion on the compressibility-pressure and the density reduction terms in the denominators:
k = s Pk G (s _ ()(1 - PkP)
Pk (1+ lkP)
(1- f)G
c k (1- f)(1+ E- cp)
Using the approximations ec << 1 and Pc = Pk, the sum of the coal and kerogen volume fractions is
Ok + c = (s - fp)(1- kP)+(1 - f) D (15)
The total volume fraction of kerogen and coal is substituted into conservation of volume, giving
s - = [( - ) + (1 - f)](1 - fkP)
The physical meaning of this expression is not straight forward, but it can be rearranged to solve
for the excess pressure p:
p 1 Pk, 1 (16)
The numerator of the fraction in equation (16) gives the difference between the amount of oil in the
system and the volume of kerogen that has been converted to oil. If these quantities are equal,
there is no excess oil in the system and the excess pressure is zero. The quantity in the denominator
is the difference between the original volume fraction of kerogen and the volume of kerogen
converted to oil; that is, it represents the volume fraction that can be occupied by fluid. Thus, the
pressure is a ratio between the volume fraction of fluid in the system and the volume fraction that
does not contain solid matter, which therefore is available for flow. If there is a greater volume of
oil than space available, excess pressure is created.
Equations of motion
The equations of motion for the system are the conservation of oil mass (equation 4), a
modified form of Darcy's law, and the pressure gradient:
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v = k VP (17)
VP = Vp - pg (18)
For Darcy's law (equation 17), v is the velocity (m/s), k is the permeability (m2), yu is the dynamic
viscosity (kg-m-'s-2), and P is the pressure (N-m-2). The use of Darcy's law implies that
permeability and porosity can be smoothly defined for the scale of the model. The pressure
gradient (equation 18) is composed of two terms, the gradient of the excess pressure p and the
buoyancy, in which g = g2. This gradient applies specifically to a homogeneous rigid medium that
has small volume fractions of oil ( <<1). Both of these equations are taken from the set of
equations developed by Aharonov et al. (1997).
An essential part of the coupled flow and reaction model that is also used in this paper is a
permeability-porosity relationship. As the amount of fluid in the system increases, the connectivity
of the pore space also increases. Although it is possible that permeability could be highly altered
with only very small changes in the porosity, the generally accepted relationship between
permeability and the volume fraction of oil in the system is a power law (Aharonov et al., 1997):
k = kO" (19)
where n _ 2 - 3 and k, = d2 / b, with d being a typical grain size in the matrix and b being a
constant. This relation, along with the dependence of the pressure gradient on the value of #,
brings about non-linear behavior in the fluid flow equations. After substituting in both the
permeability-porosity relation and the pressure gradient, Darcy's Law appears as
For this formulation, the relative volume of kerogen Q is taken as a function of time only, so it
does not appear in the gradient of the pressure. The velocity appears to be a function of the
gradient of the volume fraction of oil, although it nominally depends on the pressure gradient,
which in turn depends on the volume fraction of oil. Thus if more oil is generated than there is
space available, it increases the pressure gradient and thereby increases the flow rate, forcing fluid
to move in order to reach a zero pressure gradient. Although this gives an initial indication of the
behavior of the system, the behavior is also influenced by the conversion rate of kerogen to oil.
Fluid generation
The conversion of kerogen to oil and coal is a complex geochemical reaction and is not the
focus of this analysis. However, it is noteworthy that the conversion of kerogen is primarily a
function of time and temperature and is mostly independent of the ratios of the reactants and the
products (Comer, 1992). Here, the reaction rate of kerogen will be a function of temperature,
although the temperature will be held constant for the purpose of developing this model. With the
constant temperature assumption, the rate of change in the mass of kerogen is
dd (Pkk) = Pkk/T
where ' is a constant reaction rate. The conversion rate of kerogen taken to a first-order
approximation can be quantified using the Arrhenius equation (Comer, 1992):
7-1 = Ae - E /RT
where A is the frequency factor, E is the activation energy (J/mol), R is the universal gas constant,
and T is the temperature (K). Values for the frequency factor and the activation energy vary among
types of kerogen and source rock formations and are usually obtained through experimental work.
Because the reaction rate is constant, the mass of kerogen decreases exponentially from the
original mass in the system:
pk Pks e -r (20)
This definition of the mass of kerogen is substituted into the equation for the relative volume of
converted kerogen (equation 14), obtaining
S ,0- se-tl(D(t) = P  - o
Pk
(t) = O,(1 - e-t l ) (21)
As time goes to infinity, the relative volume of converted kerogen cannot be larger than the original
amount of kerogen in the system.
The rate of fluid generation is the area of this analysis which diverges significantly from
Aharonov et al. (1997). In that model, the solid phase reacts with the fluid in the system, and the
concentration of dissolved components is essential to the coupling of the flow and reaction. The
Arrhenius equation does not depend on concentrations, so oil will be generated from kerogen at a
certain rate regardless of the concentration of oil already in the system.
System of Equations
In summary, the system is described by the following equations:
-(pO) + V.(pV) = fJl7 (4)
p = pa(1- E)(1+ p) (13)
kv = -k VP (17)
p = -f11 1 (16)
VP = Vp -pg (18)
D(t) = O, (1- e-") (21)
The equation of mass conservation (equation 4) is completed with the definition of the time-
dependent mass transfer rate: F(t) = pk,'i = p •(se"'-'). The remaining equations are the
relationship of oil density to initial kerogen density (equation 13), Darcy's law (equation 17), the
relative volume of converted kerogen (equation 21), the overall pressure gradient (equation 18),
and the excess pressure caused by excess fluid (equation 16).
Nondimensional variables and equations
Characteristic values of the variables will be used to nondimensionalize the system. These
include the characteristic porosity 0, which is the original volume fraction of kerogen in the source
rock, and the characteristic density p (1 - E), which is the density of the oil component. The
characteristic length of the system is L, giving z' = z / L.The characteristic velocity is
I ~ __ _I
v, = kgAp I u, time is t, = L / v,, and permeability is ks. The nondimensional variables are denoted
using primes:
P' = (P - Po)/ gApL
v' = v(p/ksgAp) = v/vs
S= p/ pi (1 - e)
t' = t(kgAp/ uL) = t/t,
Applying the nondimensional variables to the system (equations 4, 13, 17, 23-26) results in the
following set of non-dimensional equations. The primes on nondimensional numbers are dropped
for the remainder of the text.
S(pO)+ V -(pv)= /(1- ) (22)
v = -"VP (23)
VP = Vp - (24)
p = - (25))1B 1-f_
S= 1 - e- t T (26)
p = 1 + ip (27)
Equation (22) is mass conservation of the oil component and the governing equation for the
system. Equation (23) is Darcy's law, which is a function of the pressure gradient (equation 24)
and the permeability-porosity relation ship for powers of n greater than one. The excess pressure
(equation 25) is a key equation for the model, as it relates the pressure to the volume of oil in the
rock and the space available for the oil. Equation (26) is essentially the source term for the system,
determining how much kerogen has been converted to oil and coal. Equation (27) describes the
linear relationship of oil density to compressibility and excess pressure.
Two parameters arise from the nondimensional set of equations. These are
B = gApL
T = rvs / L = tgApks, / L
The first number, B, is a nondimensional compressibility for the oil component and is based on the
oil compressibility rather than the kerogen compressibility, hence the (/'flVk) term in equation (25).
The nondimensional time T for the system is based on the oil generation rate 7 and the characteristic
velocity and length of the system.
Realistic values for the nondimensional parameters can be calculated using basic properties
of the system, which are listed on Table 2. A few of these values require a closer look. The
original density of kerogen p0 was determined from sixteen samples of black shale collected by
Vernik and Nur (1992) from the Bakken Formation in the Williston Basin. For each sample,
values of the bulk density were plotted against the kerogen percent volume, and then a theoretical
bulk density value was extrapolated for a sample of pure kerogen (Figure 5). Although Vernik and
Nur's stated value for kerogen density is much higher (1.4 Mg/m3 instead of .99 Mg/m3), the
lower value is consistent with the volume expansion (E) that results from the conversion of kerogen
to oil (Goff, 1983). The kerogen compressibility fk was also calculated from the Bakken black
shale data. Vernik and Nur measured the velocity of seismic pressure waves and shear waves at
different orientations for each sample. Using these velocity measurements, the compressibility for
each sample was calculated from the following equation:
1 1
K PP - (4 / 3)v)
where K is the incompressibility (Pa), v, is the pressure wave velocity (km-s-'), and vs is the shear
wave velocity (km-s-1 ). An arithmetic average of the compressibilities of all the samples was taken
to obtain the characteristic value.
The rate of oil generation listed on Table 2 was chosen from a range of values given on
Table 1. These rates were calculated from the Arrhenius equation using data for the activation
energies and frequency factors of the Phosphoria Shale and the Woodford Shale (Lewan, 1985)
and the Green River Shale (Bredehoeft et al., 1994). Temperature values in the oil window (600 -
120' C) were used to determine the rates. The most notable feature of the rates is their wide range.
1
The fast end of the range of values for the Woodford Shale and Green River Shale is about 150
million years, and the slower end is three trillion years. The range of values for the Phosphoria
shale is equally wide, although at smaller values: 1.3 million years on the fast end and 25 billion
years on the slow end. Although the slow end ranges are physically impossible, the results show
the sensitivity of the generation rate to small variations in temperature. A difference in burial depth
of one kilometer with a geothermal gradient of 300 C could mean two or three orders of magnitude
difference in the generation rate. For this model, the characteristic oil generation rate will be that of
the Phosphoria Shale at 1200 C, chosen because it is the fastest rate calculated from the given data.
Given the data from Table 2, typical values of B and T are calculated:
B = gpLf = 1.65.10 -5
T = Iv, / L = rgpk, / lL = 3.4 .104
These values vary between different physical systems. The value of B depends on the density and
compressibility of the oil and, therefore, on its composition. The value of T depends on the same
physical properties of the oil as B and also depends on the permeability of the medium and the
temperature of the system. Rather than examining the effects of individual dimensional parameters,
the effects caused by varying the non-dimensional parameters will be examined.
Initial and boundary conditions
The system will be analyzed in one spatial dimension z, which increases with depth (Figure
4). Initially, the rock matrix is completely filled with kerogen. Therefore, the initial amount of oil
in the system is
O(z,0)= 0
The source rock is assumed to overlie an impermeable layer. Therefore, the lower boundary,
which is at z = L, has the property that
v(L,t) = 0
It follows from this no-flow condition that the pressure gradient at the boundary must also be zero.
Because the pressure gradient is a function of the gradient in 4, the condition for the lower
boundary of the system is expressed as
-~ (L) = 0 (28)
At the upper boundary of the source layer is a carrier bed that has a constant and higher
permeability than the source rock. Also, the fluid in the carrier bed is at hydrostatic pressure, so the
oil from the source layer will be driven into the carrier bed by the difference between the source
layer pressure and the carrier bed pressure. This difference in pressure is used to calculate the
velocity of the fluid as it leaves the layer:
(P(O, t) - P)
v(0,t) =
where h is the non-dimensional distance over which the two pressures equilibrate. The pressure P
in the source layer is simply the sum of the excess pressure and the background hydrostatic
pressure Po, so the excess pressure is used to analyze this boundary. The velocity at the boundary
can be expressed in terms of the pressure gradient using Darcy's Law, resulting in a total
expression for the upper boundary:
on P/PIk VO(0) _1 ( (0)-f J(t)
B 1 - f-(t) h 1 - f(t) )
This equation can be solved for the volume fraction of oil at the upper boundary::
(0) = -h (() +  (29)
Thus the volume fraction of oil at the top of the layer depends on the thickness of the cap rock h,
the pressure gradient, which is represented as the one-dimensional gradient of 0, and the relative
volume of kerogen that has been converted to oil. If the gradient is zero, then the volume of oil is
simply the volume of kerogen that has been converted to oil.
Approximations to the linear case
The case of n = 0 will be considered, so that the equations are linearly in 0. The result is a
simple system that may provide insight to the behavior of the non-linear system. Assuming (c to be
a function only of time, the pressure gradient is
VP - - z
( B (1 - fi)
The last term of this equation will be dropped on the assumption that the excess pressure is much
larger than Z. The dimensional compressibility terms will also be dropped on the assumption that
they are equal. With the linearity assumption, Darcy's Law becomes
v = -VP
in which the flux depends only on the pressure gradient. Darcy's Law and the pressure gradient
are substituted into the mass conservation equation:
- 2 = (30)dt B(1 - ft) (1 - e)
This linear form of the mass conservation is similar in form to a diffusion equation, although it is
important to remember that the second derivative in equation (30) is the divergence of a pressure
gradient represented as the second derivative of the volume fraction of oil. The equation can be
further reduced to the form of a diffusion equation by representing the coefficients as time-
dependent functions K(t) and F(t):
1
K(t) =
B(1- fi)
F(t) =fe t 1 T(1- E)T
O_ K(t).V2 = F(t) (31)
Quasi-steady state approximation
The form of equation (31) as a simple diffusion equation lends itself to a steady state
solution. A steady state solution is an accurate description of the physical system only if the time
dependent functions can be approximated as constants at any given time. This is called quasi-
steady state because although the time derivative of the equation is zero, the values of the diffusion
and forcing constants will be calculated from time-dependent equations. An accurate quasi-steady
state approximation would indicate that the system equilibrates quickly because the diffusion
processes are operating much faster than the oil generation processes.
At steady state, solving the diffusion equation for the second derivative of 0 gives
d2 0 F(t)d__ = Ft(32)
dz 2  K(t)
Using the characteristic values from Table 2, F(t)/K(t) can be calculated and represented as a single
time-dependent function a(t):
F(t) B _t rl r
a(t) = -. 3125 (1+e I T )e I T
K(t) T
Still treating time-dependent functions as constants, equation (32) can be solved simply by
integrating twice:
0
- = -a(t)z + C,
0 = - a(t)2 + C 2 + C22
The upper and lower boundary conditions must be applied in order to solve for the undetermined
constants of integration C, and C2. At the lower boundary, dbL / dz = 0, so solving for C, gives
d
-a(t)L + C, = dZ=L = 0
dz
C, = a(t)L (33)
Applying the upper boundary condition gives the value of C2:
C2 z= = (Dz=OI J
C2 = a(t)hL + ftP (34)
Therefore, the quasi-steady state solution is
0 = -- a(t)z2 + a(t)Lz + a(t)hL + f9i2
¢(z,t) = a(t( - z2 + Lz + Lh + J(t) (35)
Based on this solution, the effects of varying some parameters on the system can be seen. Varying
the thickness h of the cap rock layer increases the amount of fluid in the system but does not affect
the gradient. If L is constant, then only changes in a(t) will affect the gradient of the solution,
which controls the pressure gradient in the system. Thus, at any time t, variations in the pressure
gradient will depend on a(t) and consequently only on changes in the values of B and T.
Numerical methods of solving the linear case
Although the quasi-steady state solution provides an approximate answer, an analytic
solution to the full equation is not straightforward. Instead, a numerical model is used to reach a
final solution. The numerical model used in this project is a Crank-Nicholson finite differencing
scheme implemented on a one-dimensional grid with evenly spaced grid points and a time step of
At. This method can be thought of as the average of an explicit differencing method, which
evaluates the spatial derivative at time t, and an implicit differencing method, which evaluates the
derivative at time t+1. Whereas the explicit method is accurate but unstable, and the implicit method
is stable but less accurate, the Crank-Nicholson method is preferable because it incorporates the
accuracy of the explicit method and the stability of the implicit method. The Crank-Nicholson
method is stable for any ratio of time step to grid spacing, and so satisfies the Courant condition.
The discretized equation for the linear case (equation 31) is:
+ +-t0 K(t)-t (O I-20 + + '2)+(+1-20 O j-1)
____= F(t)+ + (2
At 2 (Az)
where j is the generalized spatial coordinate and Az is the distance between grid points. By
collecting terms at the same time steps, the discrete equation is obtained:
-af + ) + (1+ 2a)(m+l - ag+1 = (At -F(t)) + aoj+, + (1 - 2a)O' + aoNt_
where a = (K(t) -At)/2(Az) 2. When applied to J nodes between z = 0 and z = L, this equation
results in a set of simultaneous equations that represent the entire system. The simultaneous
equations are solved by representing them in vector form, which creates two tridiagonal coefficient
matrices b, and b2 for / +' and 0 respectively. The vectorized equation can then be solved for the
volume fraction of oil at time t + 1:
't+1 = b,-'[(At. F(t))+ bz t']
1+ 2a -a 0 1- 2a a 0
-a 1+ 2a ... a 1- 2a
with b,= 0 -a ... -a 0 , b2= 0 a ... 0
... 1+ 2a -a ... 1- 2a a
0 -a 1+ 2a 0 a 1- 2a
The system is advanced through time by substituting the value for the volume fraction of oil at time
t + 1 in at time t, and then calculating the value for the next time step. Both the diffusion term K(t)
and the forcing term F(t) are assumed to be constants at each time step and are recalculated for each
iteration.
In order to satisfy the boundary conditions in the numerical scheme, equations (33) and
(34) must also be discretized. Each discrete boundary condition includes "imaginary" values of 0
which lie outside the system at z = -1 and z = L+1. Because the "imaginary" values also appear in
the equations for the system boundaries, they can be isolated and then eliminated by substituting
them into the equations for the system (Mitchell, 1976). At the lower boundary condition, the
discretized equation is solved for L+:
(OL-1 - L+1)/2Az = 0
OL+1 = OL-1
At the upper boundary condition, the equation is solved for -1.
do = (1 / h)(0 + A(D)
(0_, - )/2Az = (1/ h)( + AQD )
0-1 =  + (2Az/h)(00 + AQD )
The equations for OL+1 and 0-1 are substituted for times t and t+1. The resulting lower boundary
condition is
(1 + 2a)ot - 2ag 1 = (At -F(t)) + (1 - 2a)0' + 2a_,
and the boundary condition at the top is
-2aO +1 + [1 + 2a(1 + Az/h)]Oo' = (At. F(t))+ 2ao + [1- 2a(1 + Az/h)] o + y
where y = -(2AaAz / h)(O@' + V'). With these substitutions, the matrices b, and b2 become
1 + 2a(1 + -) -a
h
-a 1+ 2a ... 0
o ... 1+ 2a -a
-a 1+ 2a(1 +A-)
h
1- 2a(l + ) ah
a 1-2a ... 0
0 ... 1-2a a
a 1- 2a(1 + -)h
This solution for the discrete equations was implemented on MATLAB using the program's M-
script language. Solutions are calculated on a grid with 15 nodes.
Comparison of the analytic and numerical solutions
Two tests will be employed to evaluate the performance of the numerical model. First, the
numerical values at the boundaries will be checked to see that the model satisfies the boundary
conditions. Second, the overall solution of the numerical model will be compared to the analytic
solution. Discrepancies from either test will be discussed in order to ascertain their origin.
In order to evaluate the numerical solution at the boundary, the equations for the upper and
lower boundary conditions are set equal to zero:
d (L)0
dz
Numerical values of the volume fraction of oil at the boundaries are calculated at different times for
three ratios of B/T (10-4, 10-9 , 10-14). Values for the appropriate variables are substituted into the
equations. The amount that the calculated values differed from zero, which is perfect satisfaction of
the conditions, are listed on Tables 3 (upper boundary) and 4 (lower boundary). For comparison,
boundary values from the analytic solution were calculated in MATLAB using a 15 node grid and
then substituted in the condition equations. Both the numerical and analytic solution appear to
satisfy the boundary conditions well, although the numerical boundary values are consistently
closer to perfectly satisfying the conditions. The similarity of the magnitude in the boundary errors
for the numerical and analytic solutions is not particularly important, as the magnitude is a function
of the amount of fluid in the source rock.
For evaluating the overall solution of the numerical model, the model was run for
characteristic values of B and T. A cross-section of the numerical solution, which shows the
volume fraction of oil in the source layer with the upper boundary on the left and the lower
boundary on the right, is shown on Figure 6, plotted against the analytic solution at the same time
for the same B and T values. This particular cross-section is representative of the relationship
between the analytic and numerical solutions and so will be used to compare them.
The solutions are similar in that both have a parabolic shape. However, they are different
in both their spatial location and their gradients. Both of these discrepancies have their origin in the
mixed upper boundary condition. This can be more clearly observed by evaluating the numerical
and analytic solution in two parts: one part without the time-dependentfiD term of the upper
boundary, and the other part with only the fI term. The two parts of the analytic solution are
0 (z, t) = a(t - z2 + Lz + Lh), 2 (z,t) = ft(t) (35a, b)
The first equation represents the dependence of the solution on the ratio of the forcing and
diffusion terms, and will be called the excess volume fraction of oil. The effects of this term
decrease with increasing depth (increasing z) and are affected by the thickness of the cap rock
layer. The second equation represents the volume of oil that directly originates from the fraction of
kerogen converted to oil. The numerical solution can be equivalently separated and evaluated.
The comparison of the analytic and numerical solutions to the equation 0 is shown in
Figure 7. Both the spatial locations of the solutions and their gradient match precisely. The
comparison of the boundary-only solutions (02) is show in Figure 8. The difference between the
two boundary-only solutions is apparent in the lower half of the graph. The effect of the time-
dependent term is constant across the layer in the analytic solution, whereas the effect of the same
term appears to decrease across the layer in the numerical solution. This apparent decrease occurs
because the time-dependent portion of the boundary condition, which determines the pressure in
the source layer, can only affect the source layer as quickly as the rate of diffusion. In contrast, the
rate of diffusion in the analytic solution is near instantaneous because the solution is assumed to be
at equilibrium, so the effects of the boundary condition are uniform across the layer.
Because the analytic and numerical solutions match precisely for the first equation, all
discrepancies between the numerical and the analytic models are the result of the behavior of the
time-dependent portion of the upper boundary condition. This discrepancy highlights the difference
between the analytic solution, which is steady state, and the numerical solution to the full problem,
which is a transient solution.
Numerical simulation results
Results from the numerical model are presented in Figures 9 to 13. In Figures 9-12, plotted
values are for the volume fraction of oil at the lower boundary. These were chosen because z = L
= 1 at the boundary, so the effects of the nondimensional parameters are not damped by smaller
values of z, as they would be at another location in the layer. The effects of the B and T parameters
will be examined, as will the B/T ratio and the cap rock thickness h. All of these runs will be
calculated for the excess volume fraction of oil, which is the first part of the analytic solution as
defined by equation (35a). This portion is isolated because the second part of the solution
(equation 35b) is not affected by changes in B and also obscures the data from the first equation,
which has a smaller value by several orders of magnitude. One example is presented in Figure 9.
This plot shows the numerical solution at the lower boundary for combinations of constant T (105)
and varying B (10-3, 10-5, 10-'). However, because the ft term is much larger than the rest of the
solution and is independent of B, the three plots are indistinguishable from one another. The
effects of B are essential for the understanding of the numerical model; therefore further discussion
will refer only to the excess volume fraction of oil, unless noted otherwise.
Equation (35a) predicts that changes in the volume of oil are directly proportional to
changes in the value of B. These effects can be seen in three numerical runs plotted in Figure 10.
Volume of oil is plotted against time in log-log space for values of constant T (105) and varying B
(10- 3, 10-5, and 10-7). As expected, the solutions vary directly in magnitude with the variation in
B. The physical effect of variation in B is the change in the compressibility of the oil. Larger values
of B, the oil becomes more compressible and therefore takes up less volume. This in turn creates a
lower pressure gradient, which does not drive fluid out of the system as quickly. Smaller values
of B indicates that an equivalent mass of oil takes up a larger space, causing a higher pressure that
drives the fluid out quickly. Evidence of both of these effects is in Figure 10.
The effects of varying T can also be predicted from equation (35b). The volume should
vary inversely with T, and at very long times, the interaction of the exponential -t/T term will also
affect the solution. In Figure 11, the value of B is constant (10-5), and T is varied by orders of
magnitude. The behavior of the solution is as expected, with the volume of oil increasing by an
order of magnitude with an order of magnitude decrease in T. Because part of T represents the
characteristic rate at which oil flow through the layer, a decrease in T would represent a decrease
the rate at which oil could move through the layer, and the layer would retain a larger volume of
oil. The sharp decrease in the volumes at long times corresponds to the change in the exponential
terms in equation (35a), which are also controlled by T.
Although the behavior of B and T is straightforward, it is also necessary to understand how their
mutual interaction affects the system. If B and T are varied while their ratio is held constant, the
magnitude of the solution is constant. Also, varying the magnitude of the ratio directly affects the
magnitude of the solution (Figure 12). The magnitude of the gradient of the solutions also varies
directly with the magnitude of the BIT ratio (Table 5). At very long times, the behavior of the
solution depends only on the value of T because the exponential term in the solution becomes very
small.
The one control on flow that is external to the source layer is the cap rock, which can be
examined by varying the parameter h. Results of varying the thickness by a factor of two are
shown in Figure 13. At the upper boundary, doubling the thickness of the cap rock causes a
doubling of the volume fraction, whereas at the lower boundary the volume increases but does not
exactly double. These effects can also be seen in equation (35a), where larger values of z diminish
the effect of variations in h. As the thickness of cap rock increases, the pressure must equilibrate
over a longer distance, therefore decreasing the pressure gradient and causing more oil to be
retained in the source layer.
Discussion
A numerical model was created to solve the one-dimensional linear mass conservation
equation for this formulation primary migration system. The primary parameters that were tested
for the numerical solution were the nondimensional parameters B and T. The parameter B, which
is the non-dimensional compressibility of oil, affects the volume of oil through the pressure
gradient and the velocity. Highly compressible oil takes up less volume per mass, creating a
smaller pressure gradient and lower velocity. Less compressible oil takes up more volume per
mass, causing a higher pressure gradient and the faster velocity. Variations in the nondimensional
time T also affect the volume of oil and velocity. This parameter represents the oil generation rate
and the fluid velocity. Smaller values of T will mean slower velocities and faster generation rates,
which lead to a build-up of fluids in the source layer. The parameter h was also tested in one set of
runs, showing that the excess volume of oil varied similarly to changes in h. Although many
significant approximations were made in the development of this model, most notably the linearity
assumption, the results of this model should give some insight to the behavior of a slightly more
complex system.
All of the effects of the parameters were demonstrated using only the excess volume of oil.
When the full system is considered, the effects of the non-dimensional parameters diminishes
significantly, except for the effect of T on the exponential term inJf (equation 35b). The full
system also shows the differences between the time-dependent numerical solution and the quasi-
steady state analytic solution. The effects of time-dependent coefficients and constants must be
carefully assessed when comparing quasi-steady state solutions to numerical solutions that
presumably account for changes over time.
Future Work
This numerical model was developed only for the linear case of the system of equations,
and as such only begins to address the problem of numerical simulation of primary petroleum
migration. The logical next step from this research would be to develop a numerical model for the
non-linear diffusivity equation. Other aspects of the system could also be developed into more
realistic functions, such as depth or porosity dependent forcing functions. Including the effects of
temperature or compaction on the system would also provide more realistic results, although
including such effects would require a more thorough refinement of the system. The design and
refinement of more complex models could theoretically be used for site-specific evaluations, not
unlike the analysis of the Uinta Basin by Bredehoeft et al. (1994). This would require gathering
data using other methods, such as sedimentological, petrophysical, or geochemical methods,
which would then be used in the numerical model to create a simulation of a site.
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Figure 1. Depth frequency curve of the top of 5368 oil
reservoirs in the Gulf Coast of the United States. The peak
production depth is about 600m above the average depth at
which the second phase of clay dehydration occurs. (from
Selley, 1998; modified from Burst, 1969.)
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Figure 3. (a) Cartoon diagram of the initial state of the system with only
kerogen and rock matrix present. The large volume of kerogen is shown
only for emphasis and is not representative. (b) The system at an advanced
time, where some kerogen has been converted to oil and coal.
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Figure 4. Simple diagram of the primary migration model. This is a one
dimensional system with z increasing with depth.
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from Vernik and Nur, 1992).
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Figure 6. [B = 10-5 , T = 104] Cross-section through the source layer for
analytic and numerical solutions for characteristic values of B and T. Both
the spatial location and the gradient of the solutions differ.
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Figure 7. [B = 10-5, T = 104] Cross-section through the source layer for
analytic and numerical solutions for the excess volume fraction of oil. The
solutions match each other precisely.
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Figure 8. [B = 10- ', T = 104] Cross-section of the total analytic and
numerical solutions, and the solutions for only the time-dependent part of
the boundary. Each boundary-only solution and its corresponding total
solution are separated by the same volume fraction of oil, which is equal
to the excess volume of Figure 7.
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Figure 9. [B = 10-3, 10-5 , 10-7;T = 104] Plots of the volume fraction of oil
at the lower boundary over time. Although B is varied among the three
plots, there is no noticeable variation in the solution for long times.
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Figure 10. [T = 104] Comparison of varying values of B on a log-log plot
of the excess volume fraction of oil over time. An order of magnitude
change in B is directly related to an order of magnitude change in the
volume of oil.
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Figure 11. [B = 10-'] Comparison of varying values of T on a log-log plot
of the excess volume fraction of oil over time. An order of magnitude
change in T is inversely proportional to an order of magnitude change in
the volume of oil. T also determines the time at which the volume
significantly decreases due to a decrease in the generation rate.
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Figure 12. Comparison of the excess volume of oil for differing ratios of
BIT. Within each ratio, B and T were varied to see what range of effects
occurred for each ratio. Values for T were 103, 104, and 10', and B varies
correspondingly. The range of behavior for each ratio is the same, even
thought the magnitudes of the values are different.
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Figure 13. [B = 10- ', T = 104] Variations in the cross-section due to
variations in h, the thickness of the cap layer. Changing the thickness by a
factor of two changes the gradient of the solution because not all nodes are
affected equally.
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Rock Unit Energy Factor Temperature Rate Source
kJ/mole/K 1/s K 1/tau(s) tau (s) tau (y)
Woodford 218.26831 1.81E+13 333 1.04E-21 9.59E+20 3.04E+13 Lewan, 1985
Shale 218.26831 1.81E+13 363 7.05E-19 1.42E+18 4.50E+10
218.26831 1.81E+13 393 1.76E-16 5.68E+15 1.80E+08
Green River 219.3988 2.80E+13 333 1.07E-21 9.31E+20 2.95E+13 Bredehoeft, 1994
Shale 219.3988 2.80E+13 363 7.50E-19 1.33E+18 4.22E+10
219.3988 2.80E+13 393 1.93E-16 5.19E+15 1.64E+08
Phosphoria 178.70116 1.37E+10 333 1.27E-18 7.88E+17 2.50E+10 Lewan, 1985
Shale 178.70116 1.37E+10 363 2.63E-16 3.80E+15 1.20E+08
178.70116 1.37E+10 393 2.42E-14 4.14E+13 1.31E+06
Table 1. Petroleum generation rates for the Woodford, Green River, and
Phosphoria Shales. Rates (tau) are listed in seconds and in years. Sources
for each unit are listed on the right side of the table.
Table 2
Values of parameters used in numerical simulation
Value
.9878 Mg/m3
2 x 10-'0 Pa- '
2.92 x 10-9 Pa-'
.2
.7-.98 Mg/m 3
10 m
1 cp
1 x 10-18m2
1.3 x 106 yr
.25
.5
Parameter
p3k
E
r
L
k
Source
Vemik and Nur (1992)
McCain (1973)
Vernik and Nur (1992)
Ozkaya (1988)
NRC (1993)
McCain (1973)
Verweij (1993)
Dutton and Willis (1998)
Lewan (1985)
Mann (1994)
Selley (1998)
Analytic
Values
Numerical
Values
Table 3. Calculation of boundary error for the upper boundary condition
on the analytic and numerical solutions as implemented on MATLAB.
boundary
B T B/T ratio time error
1.00E-02 100 1.00E-04 0.1 5.92E-05
1.00E-02 100 1.00E-04 1.0 5.84E-05
1.00E-02 100 1.00E-04 10.0 5.11E-05
1.00E-02 100 1.00E-04 100.0 1.49E-05
1.00E-05 10000 1.00E-09 0.1 5.93E-10
1.00E-05 10000 1.00E-09 1.0 5.93E-10
1.00E-05 10000 1.00E-09 10.0 5.92E-10
1.00E-05 10000 1.00E-09 100.0 5.84E-10
1.00E-08 1000000 1.00E-14 0.1 5.93E-15
1.00E-08 1000000 1.00E-14 1.0 5.93E-15
1.00E-08 1000000 1.00E-14 10.0 5.93E-15
1.00E-08 1000000 1.00E-14 100.0 5.93E-15
boundary
B T B/T ratio time error
1.00E-02 100 1.00E-04 0.1 1.16E-05
1.00E-02 100 1.00E-04 1.0 1.15E-05
1.00E-02 100 1.00E-04 10.0 1.01E-05
1.00E-02 100 1.00E-04 100.0 3.35E-06
1.00E-05 10000 1.00E-09 0.1 1.15E-10
1.00E-05 10000 1.00E-09 1.0 1.17E-10
1.00E-05 10000 1.00E-09 10.0 1.29E-10
1.00E-05 10000 1.00E-09 100.0 2.38E-10
1.00E-08 1000000 1.00E-14 0.1 1.87E-17
1.00E-08 1000000 1.00E-14 1.0 1.85E-16
1.00E-08 1000000 1.00E-14 10.0 1.73E-15
1.00E-08 1000000 1.00E-14 100.0 1.37E-14
Analytic
Values
Numerical
Values
Table 4. Calculation of boundary error for the lower boundary condition on the
analytic and numerical solutions as implemented on MATLAB.
B T B/T ratio time boundary error
1.00E-05 1.00E+04 1.00E-09 0.1 1.59E-12
1.00E-05 1.00E+04 1.00E-09 1 1.59E-12
1.00E-05 1.00E+04 1.00E-09 10 1.59E-12
1.00E-05 1.00E+04 1.00E-09 100 1.57E-12
1.00E-05 1.00E+04 1.00E-09 0.1 1.86E-14
1.00E-05 1.00E+04 1.00E-09 1 1.47E-13
1.00E-05 1.00E+04 1.00E-09 10 3.42 E- 13
1.00E-05 1.00E+04 1.00E-09 100 3.13E-13
__I_
Gradient of phi for differing B/T ratios
h = 1, t =10
B 1.00E-04 1.00E-05 1.00E-06
T 1.00E+03 1.00E+04 1.00E+05
B/T 1.00E-07 1.00E-09 1.00E-11
Grid point
1 4.24E-09 4.30E-11 4.31E-13
2 4.08E-09 4.14E-11 4.16E-13
3 3.77E-09 3.82E- 11 3.85E-13
4 3.46E-09 3.50E-11 3.53E-13
5 3.14E-09 3.18E-11 3.20E-13
6 2.83E-09 2.87E-11 2.88E-13
7 2.51E-09 2.55E-11 2.56E-13
8 2.20E-09 2.23E-11 2.23E-13
9 1.88E-09 1.91E-11 1.91E-13
10 1.57E-09 1.59E-11 1.59E-13
11 1.26E-09 1.27E-11 1.27E-13
12 9.42E-10 9.55E-12 9.53E-14
13 6.28E-10 6.37E-12 6.35E-14
14 3.14E-10 3.18E-12 3.17E-14
15 1.57E-10 1.59E-12 1.59E-14
Table 5. Differences in gradient of the solution for different ratios of B/T. The
gradient is directly related to the ratio, as it changes orders of magnitude with
similar changes in the ratio.
